In this paper, we analyze the downlink (DL) performance of superimposed pilots in time division duplexing massive multiple-input multiple-output (MIMO) systems, and show that superimposed pilots offer an increased resilience to pilot contamination with respect to time-multiplexed pilots and data. Based on a closed form expression for the DL signalto-interference-plus-noise ratio (SINR) at the user terminal, we show that the DL SINR increases without bound with an increasing number of antennas at the base station (BS). In addition, we derive the Cramér-Rao lower bound (CRLB) for the channel estimator that uses superimposed pilots. The CRLB is compared with the mean-squared error and we show that the estimator achieves the CRLB asymptotically in the number of antennas at the BS. Simulation results validate our closed-form expressions and the performance of the proposed method.
INTRODUCTION
Existing methods for channel estimation in time-division duplexing (TDD) massive multiple-input multiple-output (MIMO) systems employ time-multiplexed pilots and data [1, 2] . Since time-multiplexed pilots and data (henceforth referred to as time-multiplexed (TM) pilots), require dedicated symbols for pilot transmission, assigning a unique orthogonal pilot to each user in the system will reduce the transmission efficiency, thereby necessitating the sharing of pilots across cells [1] . This pilot sharing results in a phenomenon referred to as pilot contamination and leads to inter-cell interference in both the uplink (UL) and downlink (DL) [1, 2] . Several methods have been proposed to decontaminate pilots by exploiting the asymptotic orthogonality between channel vectors, angular separation between the users, forward error correction (FEC) code diversity, pilot allocation, and coordination between BSs [3] [4] [5] [6] [7] [8] [9] [10] [11] . These methods, with the exception of [7] [8] [9] [10] , focus on separating the channels of desired and interfering users at the BS. However, there is scope for mitigating interference from pilot contamination by focusing on the user terminals as well.
Superimposed (SP) pilots and embedded training have been studied extensively for use in MIMO systems [12] [13] [14] , especially when it is impractical to reserve dedicated symbols for pilot transmission [12] . SP pilots have been proposed for massive MIMO in our previous papers [15, 16] in which we describe a non-iterative and an iterative data-aided channel estimation scheme, and show that the UL performance offered by SP pilots is resilient to pilot contamination in scenarios with high inter-cell interference. The UL performance of SP and TM pilots have been compared in greater detail in [15, 16] .
In this paper, 1 we find a closed-form expression for the DL signal-to-interference-plus-noise ratio (SINR) at the user terminal when the channel estimate based on SP pilots is used in a matched-filter (MF) precoder at the BS. In addition, we compare the mean-squared error (MSE) of the channel estimated from SP pilots with its Cramér-Rao lower bound (CRLB). Simulations demonstrate the validity of these expressions and the superiority of the proposed method with respect to channel estimates based on TM pilots.
SYSTEM MODEL
We consider a TDD massive MIMO system with L cells and K single-antenna users per cell. Each cell has a BS with M K antennas. The number of symbols C, for which the channel is coherent, is assumed to be divided into C u and C d symbols corresponding to the UL and DL time slots, respectively. Using the tuple ( , k) to denote user k in cell , the matrix of received symbols Y j ∈ C M ×Cu at the j'th BS in the UL time slot can be written as 2
where μ ,k is the power with which user ( , k) transmits the vector of symbols s ,k ∈ C Cu×1 , (·) T denotes the transpose, h j, ,k ∈ C M ×1 is the channel vector between user ( , k) and the j'th BS, and W j ∈ C M ×Cu is the matrix of additive white Gaussian noise at the BS, whose columns are independent and identically distributed (i.i.d) as CN (0, σ 2 I). The channel vector h j, ,k ∈ C M ×1 is assumed to be distributed as CN (0, β j, ,k I) where β j, ,k is the large-scale path-loss coefficient. 3 In addition, the channel vectors are assumed to be asymptotically orthogonal [1] . The transmit power μ ,k is set according to the statistics-aware power control scheme in [8] , i.e., μ ,k ω/β , ,n , where ω is a design parameter chosen so that the transmit powers of all users satisfy a power constraint. Users whose channels are severely attenuated are denied service. Assuming reciprocity at the BS, for DL transmission, the BS employs h , ,k , which is an estimate of h , ,k , in an MF precoder. If d ,k ∈ C is the data symbol transmitted to user ( , k), the received symbol at user (j, m) can be written as
where (·) * denotes the complex conjugate and η j,m is zeromean additive white Gaussian noise at the user terminal with variance σ 2 . The data symbols d ,k are assumed to have zero mean, unit variance, and take values from a given constellation.
IMPACT OF PILOT CONTAMINATION IN THE DOWNLINK
We compare here the MSE performance of channel estimates obtained from TM and SP pilots, and also compare the latter with its CRLB. In addition, we evaluate the DL SINR at the user terminal when these channel estimates are employed in an MF precoder at the BS.
Time-Multiplexed Pilots
In the case of TM pilots, each user transmits a pilot of length τ ≥ K symbols for channel estimation followed by UL data. Assuming that all the pilot transmissions are synchronized, the LS estimate of the channel of user (j, m) can be easily found as [1, 2] 
where r is the pilot reuse factor in [8] , L j (r) is the subset of the L cells that use the same pilots as cell j, w j,m
where δ m,m denotes the Kronecker delta function. It can be seen from (3) that the channel estimate of user (j, m) is contaminated by the channel vectors of users in neighboring cells that use the same set of pilots. The normalized MSE of the channel estimate in (3) can then be obtained as
where · denotes the Euclidean norm of a vector. The DL SINR at user (j, m), when the channel estimate in (3) is used in an MF precoder at the BS and when M → ∞, can be written as [1] SINR TM−dl
Superimposed Pilots
In the case of SP pilots, the users transmit the pilot symbol at a reduced power alongside the data [16] , i.e., s ,k = ρx ,k + λp ,k where p ,k ∈ C Cu×1 is the pilot sequence transmitted by user ( , k), and λ 2 and ρ 2 are the fractions of transmit powers allocated for transmitting the pilots and data, respectively, such that ρ 2 + λ 2 = 1. 4 The pilot sequences p ,k ∈ C Cu×1 are taken from the columns of an orthogonal matrix P, such that P H P = C u I Cu . For the rest of the paper, we assume that the number of users in the L cells is smaller than C u , thereby allowing each user to be assigned a unique pilot sequence. In deriving the DL SINR, for the sake of clarity and simplicity, we restrict our attention to the noniterative channel estimation method described in [15, 16] . The least-squares (LS) estimate 5 of the channel of user (j, m) can be found to be [15, 16] 
In addition, each user in the system is assigned a different pilot sequence such that p H ,k p n,p = C u δ ,n δ k,p . From (7), the normalized MSE of the channel estimate in (6) can be
The first term in (8) is due to the interference that results from transmitting data alongside the pilots and the second term is due to the additive noise at the receiver. The CRLB 6 of the channel estimate is found in [17] to be
The approximation in (9) is valid when σ 2 /C u β j,j,m . Therefore, we have the relation
The DL SINR, when the channel estimate in (6) is used in an MF precoder, can be written as (11) (shown at the top of the page) and it is derived in [17] . The expression for the DL SINR, when M → ∞, can then be written as +1
In [16] , we have shown that ρ 2 and λ 2 can be chosen to maximize a lower bound on the UL sum rate and obtained them as
Substituting (12) and (13) (12) and (13) into (11), the DL SINR with optimized values of ρ 2 and λ 2 can be written as
It can be seen from the above equation that the DL SINR increases without bound at a rate proportional to √ M . 7 This behavior is in contrast to SINR TM−dl j,m which saturates when M → ∞ due to pilot contamination.
The unbounded increase in DL SINR can be attributed to using progressively smaller values of ρ 2 with increasing antenna array gain. When M increases, the larger array gain allows for a user to employ a smaller value of ρ 2 without sacrificing the UL rate. Since, from the denominator of (11), the amount of interference caused by a user employing SP pilots is proportional to ρ 2 , employing smaller values of ρ 2 leads to a corresponding reduction in the DL interference and an increase in the DL SINR.
SIMULATION RESULTS
In this section, we compare the MSE, DL bit-error rate (BER), DL throughput, and DL SINR of a massive MIMO system that employs the channel estimate obtained from SP pilots to a system that employs the channel estimate obtained from TM pilots. These methods are simulated in hexagonal cells of radius 1km in two scenarios. Scenario 1: Users are distributed uniformly in the cell. Scenario 2: Users in both the reference and interfering cells are equally spaced on a circle of radius 800m with the BS in the center. Our simulations are performed for L = 7 cells with K = 5 users per cell. The path-loss coefficient is set to 3. The signal-to-noise ratio (SNR), i.e., ω/σ 2 is set to 10dB, and ω is set to 1. The power allocation parameters ρ and λ are computed from (12) and (13) , respectively. The UL and DL durations, i.e., C u and the plots represent simulated and theoretical curves, respectively. The UL and DL throughput and BER is averaged over the users in the center cell. A 4-quadrature amplitude modulation (QAM) constellation is employed for computing the BER.
In Fig. 1 , it can be seen that the proposed method offers a uniform quality of service over its users since SINR SP−dl j,m is concentrated around its mean with very short tails, whereas SINR TM−dl j,m has heavier tails, implying there are users with both very high and very low SINRs. In addition, it can be seen that the probability with which SINR SP−dl j,m is higher than SINR TM−dl j,m increases with M . As a result, it can be seen in Fig. 2 that the proposed method offers a significantly lower BER that decreases with M . In Fig. 3 , the DL rate when SP pilots are employed is observed to be significantly higher than when TM pilots are employed. Furthermore, the DL rate offered by the former method increases without bound in M whereas the latter method saturates at a significantly smaller value. In Fig. 4 , it can be seen that MSE SP j,m decreases with increasing M and achieves its CRLB asymptotically, whereas MSE TM j,m remains constant with increasing M .
CONCLUSION
We have shown that SP pilots offer a superior performance in the DL when compared to TM pilots and data. It is shown that the fractions of transmit power allocated to pilots and data, when optimized to maximize the UL sum rate, results in a DL SINR that increases without bound at a rate proportional to √ M , thereby significantly mitigating the impact of pilot contamination on the DL SINR performance. In addition, it is shown that the MSE of the channel estimate obtained from SP pilots achieves its CRLB asymptotically in M .
